Injective Envelopes and Local Multiplier Algebras 
of Some Spatial Continuous Trace C*-algebras* 

Martin Argerami, Douglas Farenick, and Pedro Massey 

Department of Mathematics and Statistics, University of Regina 
Regina, Saskatchewan S4S 0A2, Canada 

Departamento de Matemdtica, Facultad de Ciencias Exactas 
Universidad Nacional de La Plata, Argentina 

September 3, 2010 



Abstract 

A precise description of the injective envelope of a spatial con- 
tinuous trace C*-algebra A over a Stonean space A is given. The 
description is based on the notion of a weakly continuous Hilbert bun- 
dle, which we show herein to be a Kaplansky-Hilbert module over 
the abelian AW*-algebra C(A). We then use the description of the 
injective envelope of A to study the first- and second-order local multi- 
plier algebras of A. In particular, we show that the second-order local 
multiplier algebra of A is precisely the injective envelope of A. 



Introduction 

A commonly used technique in the theory of operators algebras is to study a 
given C*-algebra A by one or more of its enveloping algebras. Well known ex- 
amples of such enveloping algebras are the enveloping von Neumann algebra 
A** and the multiplier algebra M{A). In this paper we consider two others: 
the local multiplier algebra Mioc(^) and the injective envelope I{A), both 
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of which have received considerable study and apphcation in recent years 
(see, for example, [BElElEKIIKIlllIIKlij). 

The C*-algebras Mioc{A) and I (A) are difficult to determine precisely, 
even for fairly rudimentary types of C*-algebras A. For instance, if we 
denote by Cq{T) an abelian C*-algebra and by K{H) the ideal of compact 
operators over their local multiplier algebra and injective envelope have 
been readily computed; but the injective envelope of Cq{T) ®K{H) is much 
more difficult to describe: see [15] for an abstract description and ^St i4j for 
a somewhat more concrete one. 

Our first goal in the present paper is to make a further contribution to 
the issue of the determination of I {A) and Mioc(^) from A by considering 
continuous trace C*-algebras studied by Fell [lOj that arise from continuous 
Hilbert bundles. The class of such algebras contains in particular all C*- 
algebras of the form Cq{T) K{H), which were studied in [4J. Because 
the centres of I {A) and Mioc(^) are AW*-algebras, and thus have Stonean 
maximal ideal spaces, we restrict ourselves in this paper to locally compact 
Hausdorff spaces T that are Stonean. In so doing, we establish an important 
first step toward a complete analysis, in the case of non-Stonean T, of the 
C*-algebras I (A), Mi^ciA), and Mioc (Mioc(^)) for spatial continuous trace 
C*-algebras A with spectrum T. As the passage from general T to Stonean 
T involves a number of technicalities, the application of the main results 
herein to the case of arbitrary locally compact Hausdorff spaces T will be 
deferred to a subsequent article. 

Our second goal is to study and use the notion of a weakly continuous 
Hilbert bundle J^^k relative to a continuous Hilbert bundle O over a locally 
compact Hausdorff space T. Particular cases of this notion have been pre- 
viously considered in [15^ I23j . It is natural to consider as a C*-module 
over the abelian C*-algebra Co{T); if, moreover, T is a Stonean space A, we 
then show f^wk carries the structure of a faithful AW*-module over C(A). 
In this latter situation, such C*-modules are called Kaplansky-Hilbert mod- 
ules. We study the C*-modules Q, and r^wk, as well as certain C*-algebras of 
endomorphisms of these modules, using the beautiful machinery Kaplansky 
developed in his seminal work from the early 1950s [16]. In particular, we 
prove that the C*-algebra B{^}^\^) of bounded adjointable endomorphisms 
of Owk is the injective envelope and second-order local multiplier algebra of 
the C*-algebra K{0,) of "compact" endomorphisms of O. 

Assuming that T = A, a Stonean space, and in postponing the precise 
definitions until the following section, we summarise in this paragraph the 
main results of the paper. In Section [21 we show that il^k is a Kaplansky- 
Hilbert module that contains Q as a C*-sub module such that il^ = {0}. In 
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Section [3l we prove that B{Q^i^) is the injective envelope of both K{^1) and 
the Feh continuous trace C*-algebra A induced by the bundle 0. Section H] 
deals with local multipliers, and we show that is the second-order 

local multiplier algebra of both K{Q) and Fell algebra A. We also prove that 
the equality Mioc(-Mioc(^)) = liA) holds for certain type I non-separable 
C*-algebras, generalising a result of Somerset [21]. Finally, in Section [5] 
we find that a direct-sum decomposition of fiwk leads to a corresponding 
decomposition of (the generally non-AW*) algebra Mioc{A) but not to a 
decomposition of A. 

1 Preliminaries 

If T is a locally compact Hausdorff space and {Ht}t£T is family of Hilbert 
spaces, a vector field on T with fibres Ht is a function i/ : T \_\^ Ht in 
which i>{t) G Ht, for every t gT. Such a vector field u is said to be bounded 
if the function t i— >■ is bounded. From this point on, the notation 

T \_\^ Ht will be taken to also imply that, for all t, the point t is mapped 
into the corresponding fibre Ht- 

Definition 1.1. A continuous Hilbert bundle |^ is a triple (T, {Ht}teT, f^)? 
where Q is a set of vector fields on T with fibres Ht such that: 

(I) Q is a C{T)-module with the action (/ ■ uj){t) = f{t)uj{t); 

(II) for each t^ G T , {a;(to) : w G 0} = Ht^; 

(III) the map t i— )■ ||a;(t)|| is continuous, for all lo G 

(IV) n is closed under local uniform approximation — that is, if ^ : T ^ 
\_\^ Ht is any vector field such that for every to G T and e > there is 
an open set U C T containing to and a a; G $7 with \\uj{t) — (,{t)\\ < e 
for all t (z U, then necessarily ^ G $1. 

Dixmier and Douady [8j show that (I), (II), and (IV) can be replaced by 
other axioms, such as those given by Fell [lOj . without altering the structure 
that arises. For example, in the presence of the other axioms, (II) is equiv- 
alent to "{a;(to) : w G $7} is dense in Ht^, for each to G T"; in the presence 
of (IV), axiom (I) can be replaced by "f] is a complex vector space". 

We turn next to the notion of a weakly continuous Hilbert bundle. If 
(T, {Ht}teT,^) is a continuous Hilbert bundle then, by the polarisation 
identity, the function t i-^ {uji{t) , u}2{t)) is continuous for all uji,uj2 G il. 
In defining {oj\,uj2) to be the map T — )• C given by t H- {uji{t),uj2{t)), one 
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obtains a C(T)-valued inner product on which gives the structure of an 
inner product module over C{T). 

Definition 1.2. A vector field u : T ^ \_\^ Ht is said to he weakly con- 
tinuous with respect to the continuous Hilbert bundle (T, {Ht}teT,^) if the 
function 

t^ {u{t),u{t)) 

is continuous for alluj (z ^. The set of all bounded weakly continuous vector 
fields with respect to a given Q will be denoted by ^wk, that is 

^wk = {z^ : T — > I \ Ht : sup < oo and v is weakly continuous}. 

t * 

We will call the quadruple (T, {Ht}t£T, ^wk) weakly continuous Hilbert 
bundle over T. 

We remark that when T is compact, is ^ C(T)-module under the 
pointwise module action, and also C 0„k (because then every continuous 
field on T is bounded). However, the function 1 1— )• (j^i(t), i^2{t)) is generally 
not continuous for arbitrary 1^1,^2 £ ^wk- Thus, although VL^\^ is, alge- 
braically, a module over Ci,{T), it is not in general an inner product module 
over Ci){T). Nevertheless, if T has the right topology — namely that of a 
Stonean space — then we show (Theorem 12. 6p that it is possible to endow a 
weakly continuous Hilbert bundle with the structure of a C*-module over 
the C*-algebra of continuous complex-valued functions on T. 

The continuous trace C*-algebras we consider herein were first studied 
by Fell [10]. We now recall their definition. 

Assume that {At}t<^T is a family of C*-algebras indexed by the locally 
compact Hausdorff topological space T. An operator field is a map a :T ^ 
IJj At such that a{t) G At, for each t G T. 

Definition 1.3. Let (T, {Ht}teT,^) be a continuous Hilbert bundle. An 
operator field a : T ^ \AteT ^i-^t) is: 

i. almost finite-dimensional ( with respect to il.) if for each to & T and 
e > there exist an open set U CT containing to cind wi , . . . , a;„ € 
such that 

(a) uJi{t), . . . ,ujnit) CLfs linearly independent for every t , and 

(b) \\pta{t)pt — a{t)\\ < e for all t £ U, where pt € B{Ht) is the 
projection with range Span{a;j(t) : 1 < j < n}; 
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ii. weakly continuous (with respect toil) if the complex-valued function 

t ^ {a{t)iui{t),i02{t)) 

is continuous for every iJi,uj2 € ^■ 

Definition 1.4. ([lOj) Let {T,{Ht}t&T,^) be a continuous Hilbert bun- 
dle. The Fell algebra of the Hilbert bundle {T,{Ht}t£T,^), denoted by 
A = A(T,{Ht}t£T,^), is the set of all weakly continuous, almost finite- 
dimensional operator fields a : T ^ UteT -^(^*) /^'^ which t i-^ ||a(i)ll 
continuous and vanishes at infinity, endowed with pointwise operations and 
norm 

\\a\\ = max ||a(t)|| , a (z A . 

We shall make repeated use of the following fact about the Fell algebras 
of Hilbert bundles: if ^ = A{T, {Ht}teT,^), ^or some continuous Hilbert 
bundle {T, {Ht}t£T,^), then A is a continuous trace C*-algebra with spec- 
trum A ~ T [lOl Theorems 4.4, 4.5]. 

2 An AW*-module Structure for Q^k 

Assume henceforth that T = A is a Stonean space; that is, A is Hausdorff, 
compact, and extremely disconnected. The abelian C*-algebra C(A) is an 
AW*-algebra and so one may ask whether the C*-modules O and J^wk are 
AW*-modules in the sense of Kaplansky p£]. We shall show that this is 
indeed true for the module f^wk- As a consequence of this last fact we shall 
get that the C*-algebra i?(i7„k) of bounded adjointable endomorphisms of 
f^wk is an AW*-algebra of type I. 

The following lemmas are needed to describe the C(A)-Hilbert module 
structure of ilwk- 

Lemma 2.1. Let f : A ^ M be a lower semicontinuous function such that 
there exist g € C(A) and a meagre set M C A with f{s) = g{s) for all 
s £ A\M. Then 

sup g{s) = sup f{s) = sup f{s). 

seA s£A\M sGA 

Proof. Let p = sup /(s) = sup g{s) < sup g{s); then /(s) < p for all 

sGA\Af seA\M sGA 

s G A \ M. Because A is a Baire space, A\M = A; thus, by the lower 
semi-continuity, f{s) < p for every s G A. The same argument yields that 
g{s) < p for all s G A. □ 
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Lemma 2.2. Assume that {A, {Hs}seA,^) is a continuous Hilhert bundle 
and V € J^wk- Then 

i. the junction s i-^ is lower semicontinuous; 

ii. there is a meagre subset M C A and a continuous function h : A ^ 
such that 

(a) h{s) = ||z^(s)||2 for all s e A\M, and 

(b) \\h\\ = sup ||z^(s)|p = sup ||z^(s)|p. 

seA\M seA 

Proof. Let r € M be fixed and consider C/^ = {s € A : r < ||i/(s)|p}. We 
aim to show that Ur is open. Choose sq E Ur- Thus, r < ||z^(so)|p. By Par- 
seval's formula, there are orthonormal vectors ■ ■ ■ ,£,n S -f^so such that r < 

n 

\{i^{so),Cj)\'^ ^ ll^(so)||^- Choose any /Ui, . . . , /u„ G J] such that ^j(so) = 

i=i 

^j, for each j. Because Ci, - ■ ■ ,S,n are orthogonal, . . . ,/in(s) are lin- 

early independent in an open neighbourhood of so- Hence, by [101 Lemma 
4.2], there is an open set V containing sq and vector fields wi, . . . ,w„ € ^ 
such that uji{s), . . . ,ujn{s) are orthonormal for all s £ V, and Wj(so) = 
for each j. The function 

n 

g{s) = Y,Ms),u^j{s))\' 
i=i 

on A is continuous and satisfies g{s) < for every s € V, and 

r < g{so). Therefore, by the continuity of g, there is an open set C ^ 
containing sq such that r < g{s) < ||i^(s)|p for all s G W. This proves that 
Ur contains an open set around each of its points. That is, Ur is open. 

Because every bounded nonnegative lower semicontinuous function on a 
Stonean space A agrees with a nonnegative continuous function off a meagre 
set M \24:\ Proposition IIL1.7], the function h G C(A) as in dnj) exists and 
satisfies h{s) = \\u{s)\\'^ for s G A \ M. 

The last statement follows from Lemma l2.1[ □ 

Let (A, {Ht}t£A, f^wk) be a weakly continuous Hilbert bundle over A. 
Given u G J^wk) the function h that arises in Lemma 12.21 will be denoted by 
(y^v). There is no ambiguity in so doing because if hi,h2 G C{A) and if 
hi{s) = /i2(s) for all s (Mi U M2) for some meagre subsets Mi and M2, 
then hi and /12 agree on A. (If not, then by continuity, hi and /12 would 
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differ on an open set U; but ^ [/ C Mi U M2 is in contradiction to tlie 
fact that no meagre set in a Baire space can contain a nonempty open set.) 

Now use the polarisation identity to define (1^1,2^2) £ for any pair 

1/1,1/2 € J^wk- This gives ri^k the structure of pre- inner product module over 
C(A) whereby for each 1/1,1/2 £ ^^wk there is a meagre subset My^^^^ C A 
such that the continuous function (1/1,1/2) satisfies 

(z/i,z/2)(s) = (z/i(s), 1/2(5)), VseA\M^,,^, . 

In particular, if z/ E il^k and G il, then 

{v,uj){s) = {v{s),uj{s)) , VsGA. 

In fact, f2„k is an inner product module over C(A), for if z/ G ri^^ satisfies 
(z/, I/) = 0, then Lemma 12.21 vields |[i/(s)|p = for all s G A. Therefore, 

l|z^ll = IK^'i^)!^^^ 1 ^ ^ ^wk , 

defines a norm on il^k) where 

\\vf = sup(z/(s),z/(s)) = \\{u,v)\\. (1) 

Recall that given a C*-algebra a Hilbert -module over B is a left 
i?-module E together with a i?- valued definite sequilinear map ( , ) such 
that E is complete with the norm |[i/|| = ||(z/, z/)|[^/^ (we refer to [ITj for a 
detailed account on Hilbert modules). 

Note that if z/ G 0„k, then |z/|(s) := (z/, i/)^/^(s) > ||i/(s)|| for s G A 
and there exists a meagre set M C A with |i/|(s) = ||i/(s)|| if s G (A \ M) 
(Lemma 12. 2p . These facts will be used repeatedly from now on. 

Proposition 2.3. Q^ik is a C-module over C{A) andQ is a C* -suhmodule 

of i^wk- 

Proof. The only Hilbert C*-module axiom that is not obviously satisfied by 
r^wk is the axiom of completeness. Let {z/i}igN be a Cauchy sequence in 0„k- 
By the equality ([1]), {z/j(s)}igN is a Cauchy sequence in Hg for every s G A. 
Let j/(s) G Hg denote the limit of this sequence so that 1/ : A — )■ jj^g^ Hg is 
a vector field. 

Choose cj G and consider the function gi^^ G C(A) given by gi^u){s) = 
(w(s), z/j(s)). Let e > 0. Then there is A^g G N such that ||z/i — i/j|| < e, for 
all i,j > N^. Therefore, the Cauchy-Schwarz inequality yields 

sup \gi,Us) - 9j,Us)\ < £ ll'^ll > J ^ ■ 

sGA 
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Thus, the sequence {gi^ui}i is Cauchy in C(A); let g^] € C(A) denote its hmit. 
Observe that gu}{s) = hnij (i/j(s), a; (s)) = {i'{s),ijj{s)), for ah s € A. As the 
choice of w € O is arbitrary, this shows that u is weakly continuous. The 
Cauchy sequence {fijigN is necessarily uniformly bounded by, say, p > 0, 
and then ||i^(s)|| < p for every s E A. That is, the function s — )• ||j^(s)|| 
is bounded and so G ^^wk- Finally, if i,j > N;,, then for any s G A we 
have ||j/(s) - ^'j(s)|| < |jz^(s) - ^-^(5)11 + - < - i^jis)\\ +e, 

and so letting j ^ oo yields — 1^1(5)1! < e for every s G A. That is, 

II — f ill — )• 0, which proves that ri^k is complete. 

For the case of fi, let {uJn}neN be a Cauchy sequence in 17. For each 
n^'M is a Cauchy sequence in Hg] let denote the limit. 
Since the limit is uniform, it is in particular locally uniform, and so a; G 0. 
Hence, Q is complete. □ 

Definition 2.4. A Hilbert C* -module E over a C* -algebra B is called a 
Kaplansky-Hilbert module if in addition B is an abelian AW* -algebra and 
the following three properties hold 116[ p. 842] (Kaplansky's original term 
for such a module was "faithful AW* -module" ) : 

i. if Ci ■ v = for some family {ei}i C B of pairwise- orthogonal projec- 
tions and V ^ E, then also e ■ v = where e = supj ej; 

ii. if {ei}i C B is a family of pairwise-orthogonal projections such that 
1 = supj Ci, and if C E is a bounded family, then there is a 

f ^ E such that Ci ■ v = Ci ■ Vi for all i; 

Hi. if V ^ E, then g ■ v = for all g G B only if 1/ = 0. 

Remark 2.5. The element v ^ E obtained in the situation described in (ii) 
will sometimes be denoted as "^^eiVi. It should be emphasized that this is 
not a pointwise sum. 

Theorem 2.6. fl^/k is a Kaplansky-Hilbert module over C(A). 

Proof. For property (i), assume that G riwk and {ej}j C C(A) is a family of 
pairwise-orthogonal projections with supremum e G C(A) for which e^-z^ = 
for all i. Because projections in C(A) are the characteristic functions of 
clopen sets, there are pairwise-disjoint clopen sets C/j C A such that e, = Xu ■ 
Thus, for each i, using Lemma 12.21 

= ||ei • z^ll^ = max (e^ • u, e, • i^){s) = suj){ei{s)u{s) , ei{s)i'{s)) 
= max ei{s) [{v, i^){s)] = max {u, z^)(s) , 
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and so {u,iy){s) = for every s G C/j. Let U = IJ^Ui- The set U is clopen 
and Xjj = supj Cj = e [5l §8]. As (z^, z^) is a continuous function that vanishes 
on U, it also vanishes on U. Hence, 

||e ■ = max e(s) [(i/, z/)(s)] = max (z/, i/)(s) = 0, 
seA 

which yields property (i). 

For the proof of property (ii), assume that {ej}j C C(A) is a family of 
pairwise-orthogonal projections such that 1 = supj Cj and that {z^jji C l^wk 
is a family such that K = sup < oo; we aim to prove that there is a 
ly G r^wk such that Ci ■ v = ei ■ i^i for all i. As before, assume that ej = 
and f/ = Ui f^i- Then 1 = supj Cj implies that U = A. 

For each a; € ^2, consider the unique function f^^ G C'(A) such that 
fuj = {uj,Vi) for all i (its existence guaranteed by the fact that A is 
the Stone-Cech compactification of U). Note that for s £ Ui we have that 
fuj{s) = {uj{s),i'i{s)). Hence, < i^||t<;(s)|| for s € U; the same in- 

equality holds for all s € A because U = A and both sides of the inequality 
are continuous functions of s. Moreover, if wi, a;2 G ^ and a G C then, 
for s G [/ we get that /aaji+w2(s) = a fuiis) + fui2is) and, therefore, that 
fauji+ui2 = Q; /oji + /cj2- Thus, for each s G A the function u{s) i-^ fuiis) is a 
well-defined, bounded linear functional on Hs- Let z^(s) G Hs be the repre- 
senting vector for this functional, yielding a vector field : A ^ UsgA-^«- 
Since (z/(s), = /tj(s), for every a; G ri, z/ is weakly continuous. It 
remains to show that z^ is a bounded vector field. If s G U, 

||z^(s)|| = sup \{u{s),iy{s))\ = sup |/a,(s)| < sup llz^ill = /ST, 

<^gr2,||a;(s)|| = l uj&n,\\uj{s)\\=l i 

which shows that ||z/(s)|| is uniformly bounded on U. Thus, since U is dense, 
the lower semicontinuous function s i— )• ||z^(s)|P is bounded on A. Therefore, 
f G 0„k. 

Now we show that Ci ■ ly = ei ■ Vi, for all i. Fix i and s GUi and consider 
a; G $1. Then, 

(a;(s), ei{s)u{s)) = {uj{s), iy{s)) = f^{s) 

= ei{s) faiis) = ei{s){uj{s), i^iis)) 
= {uj{s),ei{s) z/j(s)) . 

Since (e^ • z^)(s) = = (e^ ■ z^i)(s) for s G A\C/j we conclude that ei-v = Ci-Ui. 

For the proof of property (iii) , assume that v G il^k satisfies g-v = {) for 
all g G C(A). Then, in particular, (z^, z^) • z/ = 0, so (z^, z/) = 0. Hence, from 

= ||(z/, z/)||^/^ = we conclude that z/ = 0. □ 
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3 Endomorphisms of Q and Q^k 



Throughout this section A will denote the Fell C*-algebra of the contin- 
uous Hilbert bundle {A, {Hs}si=A,^), as described in Definition 11.41 with 
A Stonean. Let B(Q) and i?(r2„k) denote, respectively, the C*-algebras 
of adjointable C(A)-endomorphisms of and O^k- Since, by Theorem 12.61 
Qwk is a Kaplansky-Hilbert AW*-module over C(A), i?(Owk) coincides with 
the set of all C(A)-endomorphisms of ri^k [13 Theorem 6] and is a type I 
AW*-algebra with centre C(A) Theorem 7]. 

In the particular case where Q is given by the trivial Hilbert bundle 
{A,{H}s£A,C{A, H)) with H is a fixed Hilbert space, Hamana [15j proved 
that i?(0„k) — C{A)(SiB{H), the monotone complete tensor product of 
C(A) and B{H). 

For each vi, 1^2 € riwki consider the endomorphism Qui,u2 on n„k defined 



We will consider both F{Q) and F(0„k)- 

If uJi,co2 € r2, then 0tji,a;2('^) S for all co & fl, and so C B{fl). In 

fact, -F(f^) and F{Q^]^) are algebraic ideals in B{Q) and i?(r2wk) respectively. 
The norm-closures of these algebraic ideals, namely K{i}) and K(i}^]^), are 
essential ideals in each of B{Q) and i?(ilwk) — called the ideals of compact 
endomorphisms — and the multiplier algebras of K(yi) and i^(r2wk) are, re- 
spectively, B{Q,) and i?(f]„k) [T7] . 

When referring to rank-1 operators x acting on a Hilbert space H, we will 
use the notation x = ^ (8> ?? for such an operator — the action on 7 G given 
by 7 !->■ (7,?/)^ — and we reserve the notation 0^^^ for "rank-1" operators 
acting on a Hilbert module. 

The term "homomorphism" will be used to mean a *-homomorphism 
between C*-algebras. 

For any C*-algebra B, we denote the injective envelope [13], [181 Chapter 
15] of B by I{B) (and we consider I{B) as a C*-algebra rather than as an 
operator system). 

The main result of the present section is the following. 



by 



e 



[u) = {v, U2) -vi, U £ il„k • 



For a Hilbert bundle Qq, let 
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Theorem 3.1. There exist C* -algebra embeddings such that 

K{n) c A c B{n) c 5(f]„k) = i{K{n)) . (2) 

In particular, I{K{n)) = I{A) = I{B{n)) = S(f]„k). 

The proof of Theorem 13. II and a description of the inclusions in ([2]) begin 
with the fohowing set of results. 

Lemma 3.2. For every a £ A and u £ ^1, the vector field a ■ u> defined by 
a ■ u}{s) = a{s)uj{s) is an element of 0. 

Proof. Let a & A. Then a*a € A^ and since all fields in A are weakly 
continuous, for every cj € the map s i— )■ ||a(s)a;(s)|| = {a*a ■ a;(s))^/^ 
is continuous. 

Suppose So € A and e > 0. Because Hgg = {/^(so) : fJ. € il}, there is a 
/i € such that a(so)w(so) = /u(so)- Since 

\\a ■ uj{s) - n{s)f = \\a{s)uj{s)f + \\fi{s)f -2Re{a{s)uj{s),fj.{s)) 

is continuous on A and vanishes at sq, there is an open set U C A containing 
So such that \\a ■ uj{s) — /u(s)|| < e for all s £ U. As ^2 is closed under local 
uniform approximation, this proves that a ■ lo £ il.. □ 

Proposition 3.3. The map g : A ^ B{i}) given by Q{a)uj = a-to, for a £ A 

and u) £ n is an isometric homomorphism. Furthermore, K{Q) C q{A) C 
B(^D,) as (T -algebras. 

Proof. It is clear that g \s a, homomorphism, and so we only need to verify 
that it is one-to-one. To this end, assume that g{a) = 0. Thus, a(s)cj(s) = 
for every cj € J7 and every s G A. Because Hg = {w(s) : ^ G ^^}, this 
implies that a(s) = for all s € A, and so a = 0. 

To show K{yt) C g[A) C B{^) as C*-algebras, consider Qu)x,u)2 with 
uJi,uj2 G il. The map s ^ ||0aji{s),w2{s) II continuous because ||0iJi(s),tJ2{s) li 
= ||a;i(s)|| ||a;2(s)||- For any 7/1,772 G il, the map 

(0a;i,a;2 ■Vl,m)is) = (??l,W2)(s) {uJl,m){s) = (s) , ^2 (s)) (^1 (s) , 7/2 (s)) 

is continuous. So 6(^^_(^2 is also finite dimensional and weakly continuous, 
which shows that ©tJi,tJ2 ^ ^ K{Q,) C g{A). □ 

Lemma 3.4. With respect to the inclusion Q C f^wkj we have ft'^ = {0}. 
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Proof. Let S ^wk be such that {i^,u}) = 0, for every a; € il. That is, for 
every G 17 and for every s € A, (z^(s), a;(,s)) =0. If u ^ 0, there exists 
So € A such that z/(so) 7^ 0. By axiom (II) in Definition 11.11 there exists 
u) & Q such that w(so) = i^{so), in contradiction to (i/(so), w(so)) = 0. □ 

Lemma 3.5. If Iq A and S Ht^, then there exists uj G Q such that 
^{to) = ^ and \\uj\\ = \\^\\. 

Proof. The case = is trivial. So assume that |[.^|| > 0. Let cj' € O with 
'^'(^o) = Fix a clopen neighbourhood V of to such that V C {t & T : 
W{t)\\ > \\co'{to)\\/2}. Let /i'(-) = lieil • ll^^'(-)ir^ e C7(y); then /i' extends 
to a continuous function h G C(A) with /i|A\y = 0. It is now straightforward 
to show that lo = h ■ u' il. has the desired properties. □ 

Proposition 3.6. There exists an isometric homomorphism "& : B{Q) — 
i3(r2wk) such that for a & A, v ^ ^wk, 

{^Q{a))v){s)=a{s)v{s), sGA. (3) 

Proof. Assume that h € and a; € 17, s G A. By Lemma 13.51 

\\{hu:){s)\\= sup \{{hu:){s),i)\= sup | ((&..)(s), 7?(s)) | 
?e^^s,ll«ll=i vevi,\\n\\=i 

= sup \{huj,r]){s)\= sup |(a;(s), 

»7Gr2, ||»)||=1 ||»?||=1 

<||a;(s)|| sup ||6*7?||<||^(s)|| 115*11 = ||u;(s)||||6||. 

J7Gr2, ||r;||=l 

Therefore the function uj{s) 1— )■ (6a;)(s) is well defined and induces a bounded 
linear operator h{s) G B{Hs) such that (6w)(s) = 6(s)a;(s), for s € A and 
uj ^VL, with supsgA < ll^ll- Moreover, 

||6|| = sup = sup sup |[6-a;(s)|| = sup sup ||6(s)a;(s)|| 

||w||=i lkll=i * II^^INi * 

< sup sup |[6(s)|| ||a;(s)|| <sup||6(s)|| < ||6|| , 

||w||=l s s 

and so sup^^^ = \\b\\- Suppose now that v € il„k and s S A, and 

define a vector field "dbu by (t?6z^)(s) = 6(s) z^(s). If 7/ G 0, then 

is continuous, which shows that 'dbv is weakly continuous with respect to 
Jl. Since i^bi' is also uniformly bounded, we conclude that 'dbu £ ^wk- 



12 



It is straightforward to show that the map i— )• t?6z^ is a bounded C(A)- 
endomorphism of il^k and hence it gives rise to an element t?6 G B{Q^]^). 
It is clear that is a homomorphism. If iDb = 0, then b{s)uj{s) = for all 
uj G s G A and so b{s) = for all s; then ||6|| = sup^ ||6(s)|| = 0, and 
6 = 0. So 1? is one-to-one, and thus isometric. Finally, it is clear that ^ 
holds by construction. □ 

One consequence of the proof of Proposition 13.61 is that for every b € 
there exists an operator field {6(s)}seA acting on the Hilbert bundle 
{Hs}s£A such that {buj){s) = b{s)oj{s), for every s G A. This property, 
however, is not shared by all elements of i?(r2wk)- 

Lemma 3.7. If z G i?(ilwk) o.iT'd Quj,ujzQfi,^ = for all u;,fi € then 
z = 0. 

Proof. For any ^, cj, /U € $7 we have that 
Hence, we get that 

o = (e,M)i(z^,u;)p = (e,M)i(/i,^MP- 

We are free to choose ^,fi Gil. Fix s, and choose fj, with fj.{s) = z*uj{s); let 
^ = /U. Then, as fi £ we get = (//,/Li)(s) = {n{s),n{s)), so z*uj{s) = 
=0. As s G A is arbitrary, z*uj = for every oj G For any v G i^vik 
and every a; G fi, {zi^,uj) = {v,z*oj) = 0. By Lemma EH] we conclude that 
zv = Q for V G r^wk and hence z = 0. □ 

Proof of Theorem \3.1[ We consider the embeddings A B{Q) and B{Q) ^ 
-B(r2wk) defined in Propositions l3.3l and l3.61 In this way, we get the inclusions 
in ^. 

Because i?(ilwk) is a type I AW*-algebra, it is injective [T4| Proposition 
5.2]. To show that is the injective envelope I{K{Q)) of K{il.), we 

need to show that the embedding o ^ of K{Q) into B{Q„\^) is rigid [T8l 
Theorem 15.8]: that is, we aim to prove that if (j) '■ -B(ilwk) B{Q„]^) is 
a unital completely positive linear map for which (l)\K{n) — i'^A'(n)5 then 

Let (j) : i?(il„k) — ^ ^(^^wk) be such a ucp map with (j)\K{n) = '^'^K{n)- 
Suppose that z G i?(il„k) and uj,fi e ^l. Then Quj,ujzQtM,ti = Q{zfi,uj)uj,^i ^ 
K{i}). Because K{Q) is in the multiplicative domain of (j), we have that 
(j){axb) = a(j){x)b for all x G B[Vt^\^ and a,b £ K{Q). This implies that 
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and so 0a;,tj(-z — 0(-z))©^,^ = 0. Since uj^ fi were arbitrary, Lemma [377l implies 
that z - (piz) = and so (p = idB(n„^^)- 

We have shown above that the inclusion K{0,) C -B(r2wk) is rigid. More- 
over, K{Q) is an essential ideal of B{0,) and K{0,) C A G B(i}). Hence, 
I{K{Q)) = I{A) = I{B{n)) = B{n^^). □ 

We conclude this section with a remark about the ideal K{Q^i^) of 
B{^wk)- In type I AW*-algebras, the ideal generated by the abelian projec- 
tions has a prominent role. As it happens, if(Owk) is precisely this ideal. 

Proposition 3.8. The -algebra i^(ilwk) coincides with the ideal J C 
-B(riwk) generated by the abelian projections of B(i}^]^). So K{Q^]^) is a 
liminal C -algebra with Hausdorff spectrum. 

Proof. By [HI Lemma 13], a projection e E i?(Owk) is abelian if and only 
if there exists v G such that \v\ is a projection in C(A) and e = Qu,v 
Hence, J C K{Q.^\^). 

To show that K{VL^]^) C J, assume v G il^k is nonzero. Let e > 0. We 
will show that there is an € J such that \\Qu,y ~ ^eW < ^- Let y C A be 
the (clopen) closure of {s G A : \i'\{s) < e^^^}, C/ = A\y (also clopen) and 
let g = {l/\v\)xu € C(A)+. Then g\v\ = xu and \\xa\uH II < e^^^- Let 
u' = g ■ V so that |z^'| = xi/- Hence, ^ J and = 5^ ' ^u,v Let 

= |z^p • ©I/',,/' G J. Then 

Xe = |z^P • Qu'y = Qu,u = XU Qu,u, 

and Xs - Qu,u = Xa\u ' ^u,u- Then 

\\Xe-&,^,u\\= sup ||xa\C/ • 0;^,!^??ll = sup \\xa\U ■ {^,1^)^11 

= sup max |(r/, z^)(s)| ||z^(s)|| 
»?e(f^wk)i ^eAW 

< sup max |?7|(s) |i^|(s)| ||j^(s)|| < max \u\{s)'^ < e. 
»?e(n„k)i «eA\c/ seA\t/ 

As e was arbitrary and J is closed, we conclude that Q^^i, G J. The po- 
larisation identity then shows that @ui,u2 € J for all i'i,U2 G J^wk- Hence, 
-F(f^wk) C J, and so -fC(r2wk) C J. 

It remains to justify the last assertion in the statement. By the main 
result of fl2\, the ideal generated by the abelian projections in a type I 
AW*-algebra is liminal and has Hausdorff spectrum. Hence, this is true of 

i^(^^wk). □ 
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4 Multiplier and Local Multiplier Algebras 



In the previous section we established the inclusions K{0,) C A C B{0,) C 
B{^wk), as C*-subalgebras, and we showed that I (A) = B{Q^]^). The 
present section refines these inclusions to incorporate multiplier algebras 
and local multiplier algebras. 

Given a C*-algebra C, we denote by M(C) and Mioc(C) its multiplier 
and local multiplier algebra ^ respectively. 

The second order local multiplier algebra of C is Mioc (Mioc(C)), the local 
multiplier algebra of -Mioc(C). By |1H Corollary 4.3], the local multiplier 
algebras (of all orders) of C are C*-subalgebras of the injective envelope 
I{C) of C. In particular, C C Mioc(C) C Mjoc (Mioc(C)) C /(C) as C*- 
subalgebras. 

By a well known theorem of Kasparov [21 Theorem 1.2.33], \n\ Theorem 
2.4], M{K{i})) = B{Q). We remark that all the subalgebras we consider 
are essential in i?(il„k) (i.e. the annihilator is zero), and so whenever we 
write M{C) for one of these subalgebras C C B{Q^]^), we mean the concrete 
realization |20] 

M{C) = {xe B{n^i,) : xC + CxC C}. 
The following theorem is the main result of this section. 

Theorem 4.1. With the notations from the previous sections, we have 
the equality Mioc(^) = MiociK{Q)) and the following inclusions (as C**- 
subalgebras): 

M{A) C M{K{n)) = B{n) 

C M,,,{K{n)) C Mloe (Mioe(i^(0))) = i?(f]„k) . (4) 

In particular, Mioc (Mioc(^)) = liA). 

Ara and Mathieu have presented examples of Stonean spaces A and triv- 
ial Hilbert bundles where the inclusion Mioc{K{fl.)) C Mioc {Mioc{K{n))) 
in dH) is proper [31 Theorem 6.13]. As a consequence of Theorem 14. II and the 
fact that i?(r2wk) = H^i^))^ '^^ see that this gap cannot occur for higher 
local multiplier algebras, i.e. for all k > 2, Ml'+^iKiQ)) = M^^^{K{n)) — 
where M^+\K{n)) = Mi,,{M^^^{K (n))) for A: > 1. 

The proof of Theorem 14.11 is achieved through a number of lemmas. 
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Lemma 4.2. The set 

n 

i=i 

is dense in the positive cone of K{Q). 

Proof. Assume that h G and let e > be arbitrary. For each sq £ ^ 

consider the positive compact operator /i(so) € K{Hsq). Then there are 
vectors , . . . , ^usq € Hg^y such that 

Using (II) in Definition ll.!) choose uji, . . . , G 0, such that ujj{so) = ^j, 

1 < J < nsQ, and let Ksq = Ylj=i ®u}j,uij- By continuity of the operator fields 
in A, there is an open set Ug^^ C A containing sq such that — (s) |[ < e 
for all s G C/sq. 

This procedure leads to an open cover {Us} seA of A, from which (by 
compactness) there exists a finite subcover {Ui, . . . , U,n} and corresponding 
fields Ki = Yl^=i Q W W- Let {V^i, . . . , V'm} C C(A) be a partition of unity 

subordinate to {Ui, . . . , and note that ipi ■ [i] [i] = © ,1/2 h ,1/2 [ij 

for all J and i. Hence, the field k = Xll^i V'i ' '^j is in and for each s G A, 

m m 

\\h{s) - ^{s)\\ = II ^ ■ (/i - ^^)(s)|| < MsMh - ^^){s)\\ < e . 

i=l i=l 

Hence, h is in the norm-closure of □ 

Lemma 4.3. Let {C/i}igA be a family of pairwise disjoint clopen subsets of 
A whose union U is dense in A, and let Ci = Xu- ^ f^''^ each i G A. 

Suppose that {wijieA is any bounded family in Vi and let uj = YlieA'^i^i ^ 
Owk, in the sense of Remark \2.5l If f (z C(A) is such that f{s) = for 
s e A\U, then f -u; eil. 

Proof. Fix So G A and let e > 0. If sq G A \ [/, then by the continuity of / 
and the fact that /(sq) = there exists an open subset Usq C A containing 
So such that |/(s)| < e||a}||~^ for all s G Ugg. Hence, the vector field / • tj is 
within e of the zero vector field G ^2 on the open set Usq. 

On the other hand, if sq G U, then there exists j G A such that sq G Uj. 
By construction, Cj ■ uj = cj • ujj and so uj{s) = ujj{s) for all s £ Uj. Because 
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IK/ • u;){s) — (/ • a;j)(s)|| = for all s G Uj, the vector field / • w is within e 
of the vector field / • G on the open set Uj. Thus, by the local uniform 
approximation property (axiom (IV) in Definition I l.ip . f ■ u; (z □ 

The fact that Q-^ = {0} in (Lemma [33]) suggests that Q, is somehow 
dense in ri„k- The next proposition makes this relation more explicit. 

Proposition 4.4. If v ^ ilwk o-nd e > 0, then there exist a family {cjjigA 
of pairwise orthogonal projections in C(A) with supremum 1 and a bounded 
family {uJi}i^\ C such that — X^jg^Q • uji\\ < e. 

Proof. By Lemma 12.21 the function s i-^ is lower semicontinuous; 

hence, there exists a meagre set Miy such that the function s i— >■ ||z^(s)|| is 
continuous in the relative topology of A \ M^,. Observe that (A \ Mi,) = A. 
Fix So G A \ Ml, and let G be such that u}{so) = J^(so). Since 

||z^(s) - = \\L'{s)f + \\uj{s)f -2Re{i^,u;){s), 

the continuity in the relative topology of A \ Mi, guarantees the existence of 
an open subset Usq of A containing sq such that \\iy{s) — u}{s)\\ < e/2 for all 
s G (A \ M,^) n UsQ- Hence, again by continuity we get that — a;|j(s) < e 
for all s G Usq ■ The set Usq is a clopen subset of A and A' = A \ Usq is also 
a Stonean space. Further, Mi, n A' = Mi, fl (A \ Usq) is a meagre set such 
that the function s i— > ||z^(s)||, for s G A' \ (Mj^ n A'), is continuous in the 
relative topology. 

An application of Zorn's Lemma yields a maximal family {(xj/. , Wi)}igA 
such that UiHUj = % ioi i ^ j and such that ||x[/^(z^ — Wj)|| < e. Maximality 
ensures that (Ujg/C/i) = A, for otherwise we can enlarge this family by the 
previous procedure in the Stonean space A \ {Ui^\Ui). If we let q = xu^ 
for i G A then it is clear by Lemma 12.21 that \\u — Ylieh'-'i ' ^^W < ^ as for 
every j G A we have that \\cj{v — J2ieA^i ' ~ W^ji'^ ~ < ^ 
y^eA = 1. □ 

The next result is the key step in the proof of Theorem 14.11 

Proposition 4.5. For every abelian projection e G i?(il„k) and e > there 
is an essential ideal I C K{Q) and x G M{I) such that \\e — x\\ < e. 

Proof. Assume that e G i3(r2wk) is an abelian projection and let e > 0. 
Thus, by [HI Lemma 13], e = Gj^^i, for some v G for which {f^v) is a 
projection of C(A). By Proposition 14.41 there is a family {cjjjgA of pairwise 
orthogonal projections in C(A) with supremum 1 and a bounded family 
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{wjljgA C such that — (Jj\\ < e/{2\\i^\\), where co = J2jeA ' ^ ^wk- 
Each Cj is the characteristic function of a clopen set Uj and the union U of 
these sets Uj is dense in A. 

Let / = {a € K{Q) : a{s) = 0, Vs G A \ U}, which is an essential ideal 
of K{n). Define C F+ C K{n)+ to be the set 

n 

= e^^,^^ : n e'M, Hi en, Mil A\c/ = 0, i = 1, . . . , n} . 

i=l 

Suppose that r/ G satisfies ||?/(s)|| = for all s G A \ U, and consider 
QTi,r) G ■ Observe that 0,y,r) = Q{r],u)-u,r]7 which is an element of / 
because {r],u}){s) = {r]{s),u){s)) = for all s G A \ [/ and {r],u)) ■ Cj £ Q by 
Lemma l4.3i Hence, Qoi^^j maps the set back into /. Because F^ is dense 
in as we shall show below, Qcj^cul C / and a similar computation shows 
that /0(Zi,(i) C I. Furthermore, writing x = 0(i,,(i, 

||e - x|| = \\Qu,u - 0ii,w|| < (||z^|| + ll^^ll) - < 

It remains to show that F^ is dense in /+. To this end, assume e' > 
and K G /+. Thus, k{s) = for all s G A \ [/. Furthermore, by Lemma 14.21 
there exists h G F+ such that |[k — /i|| < e' . Let h = X/\\i/ ' ^ aiid note that, 

as K G /, it is also true that — < e' . Now if h has the form Yl^=i 

for some e n, then h = ^^^^ 0Xa\i//^..Xa\uMj ^ ° 

Proof of Theorem \4-l\ Because is an ideal of A, we have M(A) C 

M(i^(Q)). Moreover, as K{Q) is an essential ideal of A we conclude that 
Mioc(A) = Mioc(-fs:(n)) Proposition 2.3.6]. On the other hand, the inclu- 
sions 

hold by [11, Theorem 4.6]. 

Therefore, we are left to show that Mioc (Mioc(i^(f^))) = S(f^wk)- By [TTl 
Corollary 4.3], an element z G = -B(17„k) belongs to Mioc(i^(r2)) 

if and only if for every e > there is an essential ideal / C K{n,) and a 
multiplier x G M(I) such that \\z — x\\ < e. By Proposition 13.81 i^(r2„k) 
is the (essential) ideal of 3(0,^]^) generated by the abelian projections of 
S(J^wk); thus, by Proposition [131 K(Owk) C Mioc{K{Q)). Hence, K{Q^]^) 
is an essential ideal of Mioc{K{n)) and so M{K{n^]^)) C Afioc (Mioc(-f^(^^))). 
However, i?(n„k) = -^(-^(^wk)) by Kasparov's Theorem [17, Theorem 2.4] 
(or by a theorem of Pedersen [20]); hence, 

5(f]„k) = M (if(flwk)) C Mioc (Mioc(i^(f^))) C S(J7^k) , 
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which yields Mioc {Mioc{K{n))) = ^(f^wk). 



□ 



Somerset has shown that every separable postliminal (that is, type I) C*- 
algebra A has the property that Mioc(Mioc(vl)) = /(A) [22l Theorem 2.8]. 
Theorem 14.11 demonstrates that the same behavior occurs with (certain) 
nonseparable type I C*-algebras. Somerset's methods are different from ours 
in at least two ways: he employs the Baire *-envelope of a C*-algebra where 
we use the injective envelope and he uses properties of Polish spaces — spaces 
that arise from the separability of the algebras under study. It is reasonable 
to conjecture that Mioc(Mioc(j4)) = I{A) for all C*-algebras A that possess 
a postliminal essential ideal. To prove such a statement, it would be enough 
to prove it for any continuous trace C*-algebra A. 

5 Direct Sum Decompositions 

A Kaplansky-Hilbert module E over C(A) is said to be homogeneous [16j 
if there is a subset {i^jjjGA C E ~ called an orthonormal basis - such that 
{ui, Vj) = for all j ^ i, {ujl = 1 for all j, and {i^j}f(zx = {0}, where for any 
v £ E, is the continuous real-valued function jz^j = (z^, i^)"*^/^ G C'(A). 

Kaplansky introduced the notion of homogeneous AW* -module with the 
aim of reducing the study of abstract AW*-modules to the slightly more 
concrete setting in which the modules have an orthonormal basis. This is 
justified by the following result: 

Theorem 5.1 (|16]). Let E be a Kaplansky-Hilbert module overC{A). Then 
there exist orthogonal projections {ci}i^j C C(A) with supremum 1 such that 
CiE is a homogenous AW* -module over CjC(A). 

Note that in the situation of Theorem 15. H for each i there exists a clopen 
set Aj C A with q = XAi- The sets {Aj} are pairwise disjoint, and UjAj is 
dense in A. 

In this section we consider the effect of a direct sum decomposition in the 
structures that have been studied in the previous sections, namely the Fell 
algebra A of the weakly continuous Hilbert bundle (A, {ffsjsgA) ^^wk)) 
and its local multiplier algebra M\oc{A). We show that a decomposition of 
Owk into a direct sum ©iCjrJw]^ given by a partition of the identity {cj} in 
C(A) leads one to consider two corresponding direct sum C*-algebras: ®iAi 
and ©iMioc(j4j), where Ai is a subalgebra of A for all i. We prove that 
A need not be isomorphic to (BiAi, yet Mioc(^) = (BiM\oc{A,j). The latter 
result is especially interesting if one recalls that Mioc(^) is generally not an 
AW*-algebra P Theorem 6.13]. 
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Theorem 5.2. Let (A, {Hs}seA,^) be a continuous Hilhert bundle over 
the Stonean space A. Assume that {Aj}jg/ is a family of pairwise-disjoint 
clopen subsets of A whose union is dense in A, and for each i ^ I let 
Cj = XAi G C'(A) and Vii = {<^|Ai • ^ ^ Then: 

i. {Ai, {Hs}seAi,^i) is a continuous Hilhert bundle; 

a. (r^i)wk — Cj • ilwk CLS C* -modules; 

Hi. f)„k — 0i(^^i)wk as C* -modules; 
iv. — Cj • i?(riwk) as C* -algebras; 

V. B(!^wk) = 0,5((J^i)wk) as Cr -algebras. 

/n[il and Hiil the isomorphism is considered together with the identification 
C{Ai)^CiC{A). 

Proof. Being clopen in A, each Aj is itself a Stonean space, and it is easy 
to see that C{Ai) ^ a C(A) 

[3 For axiom (I) in Definition II .11 we aim to show that VLi is a C{Ai) module. 
Let w € r2 and consider = wIa;- Choose any fi € C(Aj). As Aj is clopen, 
fi can be extended to Fi G C(A) such that fi = Fi\j\., and -Fi|A\Ai ~ ^■ 
The action fi ■ uji = {Fi ■ uj)\a, gives Cli the structure of a C(Aj) module. 
Axioms (II) and (III) of Definition 11.11 are trivially satisfied. 

For axiom (IV), let ^ : Aj — )• |JggA, be a vector field such that for 
every sq € Aj and e > there is an open set Ui C Aj containing sq and a 
Wj G rij with ||f:iJj(s) — C(s)|| < e for all s G f/j. Let S : Aj ^ UseA be 
the vector field that coincides with ^ on Aj and is identically zero off Aj. 
By the definition of ilj, there is w S such that Wj = uj\Ai- The set Ui is 
also open in A, and \\oj{s) — H(s)|| < e for all s € Ui. If sq Aj choose any 
open set Vj containing sq such that Vj PI f/j = and let a; G be arbitrary; 
then = |jxAj('S)w(s) — S(s)|| < e for all s E Vj. Since XAi - co G and since 

is closed under local uniform approximation, H G fi, whence ^ G rij. 
ImI Let Tj : Cj il^k ^ (f^j)wk be given by Tj(cji^) = i^Iaj- It is clear that 
Tj is well defined, linear, bounded, and has trivial kernel; to show that it 
is onto, note that if i^i G {^i)wk, then — since Aj is clopen — the vector field 

: A ^ UsgA defined by i^(s) = 0, for s Aj, and u{s) = i'i{s), for 
s G Aj, has the property that (tJ, v) G C(A), for all a; G fi; so G ilwk and 
Ui = Ti{civ). It is also easy to check that Tj preserves inner products, 
[ml Let T : J^^k 0j(^^j)wk, given by Tu = {Ti{ciu))-^j. The previous 
paragraph and Lemma |2 . 1 1 show that T is an isometry; we show now that T 
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is onto. Suppose that u' = {viji^i € 0j(f^i)wk- For each i G / let denote 
the vector field on A that coincides with Ui on Aj and vanishes elsewhere. 
Then z>j G ri^k and Ti{cii>i) = Vi. Hence, if = CjPj as in Remark 12.51 
we have v G and Tv = v' . Thus, and 0j(i^i)wk are isomorphic 
Banach spaces. Similar arguments show that 0j(f^i)wk is a C(A)-module 
and that T is module isomorphism. Hence, ri„k = 0j(f^i)wk as C*-modules. 
[13 Let Pi : CiS(r2^k) ^- B((rjj)„k) be given by pi{cib)Ti{ciu) = (6i^)|a,- 
This map is well-defined because if Cihi = 0^62 then for any v G Q„k we 
have (6ii^)|A, = {cibiu)\/^. = {cib2h')\Ai = (&2J^)|Ar A similar computation 
shows that pi is one-to-one, and linearity is clear. To see that pi is onto, let 
hi G i?((ilj)wk)- Consider the injection ~: (r2j)wk ^ f^wk where z7j G f^wk is 
the vector field that agrees with Vi on Aj and is elsewhere. Let b G i?(Owk) 

be the operator given by bu = 6j(z/|A,)- Then pi{cih){TiCiv) = (6z^)|Ai = 

^^(i^IaJIa, = &i(i^|Ai) = &i {Tidv), so /9i(cj6) = 6i. 

m Let /9 : 5(0„k) ^ 0i-B((r2i)wk) be the map p{h) = {pi{cib))i(zi . It 
is clear that p is a homomorphism. If p{b) = for some b G B{il,^\r^, 
then - as each pi is one-to-one - Cib = for all z; this implies that b*b = 
6*(supj(ci • I))b = supj(6*Cj6) = by [Ml Corollary 4.10], so 6 = and p 
is one-to-one. To show that p is onto, let {bi)i G 0j -B((Oj)^k); as each 
Pi is onto, there exist operators 6* G i?(Owk) with pi{ciU) = hi. Define 
h G i3($7wk) by = CjbV (in the sense of Remark l2.5t that is, Cibu = 
Cj6V). Then Pi(ci6)z^|A, = {cibv)\i^^ = {ciUv)\^^ = Pi{ciU)v\i^^ = hiu\iy^. So 
p{b) = {bi)^. □ 

Proposition 5.3. Assume the notation, hypotheses, and conclusions of 
Theorem \5.S\ Then there exists an example where the canonical embed- 
ding VL ^ 0. Oi (via the isometry T from the proof of \iii\ in Theorem \5.S\} 
is not onto. In particular, Q is properly contained in riwk- 

Proof. Take A and the family of clopen subsets {Aj}jg/ in Theorem 15.21 to 
be such that [J-^-jAi 7^ A. Thus, / is an infinite set. Let -ff be a Hilbert 
space with orthonormal basis {ei}jg/ and consider the trivial Hilbert bundle 
= C{A,H) of all continuous functions u : A ^ H. As in Theorem 15.21 
let Cli = C{Ai,H). 

For each i ^ I, set G with 0Ji{s) = Ci for all s and consider 
{oji)i^i G 0jf^i. Under the isomorphism of Theorem 15.21 this element 
{u)i)i^i is identified with uj = Yli^i XA, ■ '^i G ^^wk (in the sense of Remark 
12. 5p . where uji is any element of that agrees with Ui on Aj and vanishes 
off Aj. Under this identification, uj ^ Q; that is, the function s 1— )• ||a;(s)|| 
fails to be continuous on A. We argue this by contradiction. 
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Assume that s i— > ||a;(s)|| is continuous on A. Because ||a;(,s)|| = 1 for 
all s G Ujg/Aj, continuity implies that ||a;(s)|| = 1 for s € A. Choose 
So € A \ (Ujg/Aj) and let {sa)a<^A C Ujg/Aj be a net such that Sa sq. 
Let r/ G be the constant field t]{s) = uj{so), for all s E A. Since uj £ ilwk) 
we have 

lim {uj{sa),r]{sa)) = (w(so),??(so)) = (w(so),a;(so)) = 1. (5) 

a 

For each a G A let i(a) G / be such that Sq, G ^i(a)- Thus, for every a G A, 
la = {"iiP) ■ /? G /, /3 > a} is an infinite set (for otherwise sq G Aj for some 
i (z I). Therefore, 

lim {uj{sa),v{sa)) = lim (ei(c,), w(so)) = 0. (6) 

As dSI) and ([6]) cannot be true simultaneously, we obtain a contradiction. 
Hence, cj ^ fi. □ 

Our second reduction theorem below notes some consequences of Theo- 
rem [52] when applied to the injective envelope and local multiplier algebras 
of the Fell algebra A associated to a continuous Hilbert bundle. 

Theorem 5.4. Let (A, {Ht}teAi^) be a continuous Hilbert bundle over the 
Stonean space A and let A = (A, {K{Ht},T) denote the associated contin- 
uous trace C* -algebra of Fell. Assume that {Ajjjg/ is a family of pairwise- 
disjoint clopen subsets of A whose union is dense in A, and for each i & I 
let Ci = XAi G C{A) and $7j = {<^|Ai • ^ ^ Then: 

i. if Ai denotes the Fell algebra of (A,,, {Hs}seAi, ^i), then Ai = Ci ■ A; 

a. i{A,) = 5((J]i)„k); 
in. /(^)-e,,,/(^,); 

Proof. Let Ai = (Aj, {K{Hs)}s£A,^i) denote the Fell C*-algebra associated 
to the Hilbert bundle (Aj, {Hs}seA^,^i)- That is, Fj consists of all weakly 
continuous almost finite-dimensional operator fields Oj : Aj — > jj^g^. K{Hs) 
such that s ^ \\ai{s)\\ is continuous. We have that B{{Q.i)^\^) is a type I 
AW*-algebra with centre C(Aj). 

m For each Oj G Fj there is an a G F such that Oj = a\^^. To verify this, 
let a : Aj — >■ |J^g^ K{Hs) be the operator field defined by a(s) = aj(s), 
for s G Aj, and a(s) = 0, for s Aj. Since Aj is a clopen set, the maps 
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s — >• ||a(s)|| and s i— {a{s)(jji{s),uj2{s)) are continuous for every uji,uj2 G ^■ 
The operator field a is also locally finite-dimensional, again because Aj is 
clopen and Oj has the property on Aj. Hence, a G F. Next, let iTi : Ai ^ ciA 
be defined by TTi{ai) = CiU, where a G A is any operator field that restricts 
to a, on Aj. This map is clearly well-defined, and a homomorphism. 
[13 By Theorem EH S((f7j)„k) = = I{c^A). 

[ml By [m Lemma 6.2], I{ciA) = CiI{A). Hence, I{Ai) = B{{Vti)^]^) and 
Theorem 15.21 immediately yields I{A) = I{Ai). 

[13 We take each Mioc(^i) to be a C*-subalgebra of i?((ili)wk)- First we 
remark that the isomorphism p from Theorem 15.21 sends A into Ai . To 
see why, recall that az^(s) = a{s)iy{s), for all a € A, G r^wki and s G A 
(Proposition 13. 6p . Since, for a given i G I, the action of Pi{a) on Ui G {i^i)wk 
is defined by Ui i-^ (az/)|Ai, where G ilwk is any vector with z^|a, = fi, it 
is easy to verify that Pi{a) is a weakly continuous almost finite-dimensional 
operator field on Aj. 

To show that p{MiociA)) C 0jMioc(Aj), let x G Mioc(^) C I{A) and 
suppose that e > 0. Thus, there is an essential ideal J C A and a multiplier 
X G M[J) such that — y|| < e. Further, there exists an open dense subset 
U C A such that 

J = {aeA:a{s)=0, seA\U}. (7) 

For i G I, let f/j = Aj n [/, which is an open dense set in Aj. Therefore, 

Jj = {oj G Ai : a{s) =0, s G Aj \ C/j} (8) 

is an essential ideal in A^. We aim to show that Pi{y) G M[Ji). To this end, 
select Oj G Jj. As Ai = Ci- A, there is an a G A such that aj(s) = a{s) for all 
s G Aj. Moreover, a G j4 can be chosen so that a(s) = for all s G A \ Aj. 

Because Oj G Jj, we conclude that a{s) = for all s G A \ U; that is, 
a G J. Therefore, ya G J, which implies that ya(s) = for all s G A \ [/. In 
particular, ya{s) = for all s G Aj \ Ui. The element Pi{y)ai G i?((f]j)wk) 
is in fact an operator field since Pi{y)ai = Pi{y)pi{cia) = pi{ci{ya)) G Ai. 
Then, for all s G Aj \ f/j and v G r^^k; 

[pi{y)ai]{s){TiCi-u){s) = pi{y)ai{TiCiv){s) = pi{ciya){TiCiv){s) 
= Mz^Ia^(s) = {ya){s)v\/^^{s) = 0. 

With V being arbitrary, we conclude that pi{y)ai{s) = 0, that is Pi{y)ai G Jj, 
and so Pi{y) is a left multiplier of Jj. By a similar argument, Pi{y) is a right 
multiplier of Jj, and so Pi{y) G M{Ji). Thus, p{y) G 0jMioc(^i) and 
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\\p{x) — p{y)\\ = \\x — y|| < e. As e > was chosen arbitrarily, this proves 
that p{x) e 0iMioc(Ai). 

Conversely, let us show that 0jMioc(^j) C p{Mioc{A)). Let G 
®i Mioc{Ai); thus for each i G I, there exist an essential ideal Jj C Ai and 
■tji € M{Ji) such that — < e for all i G I. For each i G I, there 
exists an open dense subset Ui C Aj such that Jj is given as in ([8|). Define 
U = Uie/ which is an open dense subset of A and let J be the essential 
ideal of A defined as in ([7]) (for our present choice of U). Let y G i?(Owk) 
be such that p{y) = {yi)i- 

For each u G Q, we have that yu; € ilwk- 

Claim 1. If a; G $7 is such that uj{s) = for aU s G A \ U, then yuj £ 
and yuj{s) = for s E A \ [/. 

Assuming Claim 1, consider the set = span{0tj^tj : w € 0, = 

for s G A \ [/} , which by Lemma 14.21 is dense in K^, where K is the 
essential ideal of K{Q) defined hy K = K{il,) n J. By the Claim, yQu),Lo = 
Qyu},u) G K for all a; G il. Therefore, y is a left multiplier of K. Similarly, 
2/ is a right multiplier of K , which yields y G M(K). Hence, (xj)ig7 is 
within e of a multiplier — namely, p{y) — of an essential ideal of p{K{Vt)). 
Thus, by the Frank-Paulsen description of local multiplier algebras 
{xi)i^i G p(Mioe(i^(f^))). By Theorem SH M^U^) = Mi,,{K{n)), so 
{xi)iei G p{MiociA)). 

We are now left with proving Claim 1. Assume that uj Q with uj{s) = 
for all s G A\U. Let i £ I and let = wIa^ G rij. Note that for every 
r]i G ilj, 0t^„,,, G Ji, and hence Qy^u,,r,, = yi^u.^r,, G -/i • Also, yjWj G ilj. 
Indeed, suppose that sq G Aj and let rji G rij such that ||f?j(so)|| = 1. Choose 
a clopen subset Vi C Aj of sq for which ||f?i(s)|| > 1/2 for all s G Vi and 
define f{s) = XvAs)\\'ni{s)\\-^ ■ Thus, / G C(Ai) and so / • t?^ G f^i . Then, 
since Qy^uj^.r^, G J^, C , we have Qy^u,,r,,{f ' ^i) € f^i • So xv^ ■ ym = 
&yiu}i,r}^{f • Vi) G ■ Thus, yiUJi is a local uniform limit of vectors fields in 
Qi and hence, yiUi G ilj. Moreover, since ©y,,^,,?;, £ -'j for any rji £ ^li, we 
have yiOJi{s) = for s G Aj \ f/j. 

Since {yuj){s) = {yiUJi){s) for s G A, , the lower semicontinuous function 
s 1-^ |[(ya;)(s)|| is continuous on (J^ Aj and vanishes on (IJ^ Aj) \ [/. 

Claim 2. There exists C > such that ||i/a;(s)|| < C||a;(s)|| , s G Aj, 

1 G /. 

We will use Claim 2 to show that the function s i— > ||(ya;)(s)|[ is contin- 
uous on A. Let s G A \ (|J ■ Aj) and let {sa)a C |Jj Aj be a net such that 
So ^ s in A. This implies that lim^ ||a;(sa)|| = 0. By lower semicontinuity 
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of the function s ^ \\{yuj){s)\\, 



< ||yc<j(s)|| < lim ||ycL!(sa)|| < C lim ||a;(sa)|| = , 

a a 

and it follows that s i— )• ||(yw)(s)|| is continuous on A and vanishes in A\U. 
This establishes Claim 1. 

We finish the proof by proving Claim 2. Fix s € Aj, and let C = 
supj We already know that yiUi € ^li, and so 

= llyi'^iCs)!! = Il2/i'^ill(s) < WviW \\<^i\\{s) 

<C\\uji\\{s) = C\\ui{s)\\=C\\u{s)\\n 

Local multiplier algebras behave well under direct sums: M\oc{(BiAi) = 
©j Mioc{Ai) [2, Proposition 2.3.6]. However, the isomorphism of local multi- 
plier algebras in Theorem 15.41 cannot be established via that generic result: 

Proposition 5.5. Assume the notation, hypotheses, and conclusions of 
Theorem \5.4\ Although p sends A into Ai, it need not he true that 
A = ®iAi. 

Proof. If A and ^ are as in Proposition [5.31 then piQuj^ui) — (0t»ji,a;i)ie/ ^ 
©ig/Aj, but p{Qu^,u^) ^ p{A). □ 
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